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Abstract
We demonstrate that the two point function of the supercurrent dual to the gravitino in
the four-dimensional extremal anti-de Sitter Reissner-Nordstrom black hole does not exhibit
a Fermi surface singularity. In our analysis, we utilize the ingoing Eddington-Finkelstein
coordinate system, which enables us to bypass certain complications in the determination
of the allowed near horizon behavior of the gravitino field at zero frequency. We check that
our method agrees with previous results for the massless charged Dirac field.
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1 Introduction
Considerable interest has attached to the discovery [1, 2] that two-point functions of spinorial
operators, calculated using the gauge-gravity duality applied to an extremal charged black
hole background, exhibit singularities at zero frequency and non-zero momentum. These
singularities have been argued to indicate a Fermi surface in the conformal field theory dual
to the black hole. The conformal field theory is subjected to non-zero chemical potential
for a global U(1) symmetry, but it is at zero temperature and otherwise undeformed. The
global U(1) becomes a U(1) gauge field in the bulk, and the two-point function of interest
is based on the propagation of a charged Dirac fermion in the bulk geometry.
An obvious question, as yet unanswered, is how to derive a bulk action from string theory
that admits an appropriate charged black hole background and has a fermion field whose
dual two-point function exhibits a Fermi surface singularity. The closest approach to such
a top-down construction has been [3], which treats fermions based on probe branes which
exhibit p-wave superfluidity. Here we aim for a conceptually simpler construction: We want
to find out whether a Fermi surface exists in minimal four-dimensional gauged supergravity.
This theory can certainly be embedded in string theory; for a recent discussion, see [4]. The
only fermion field in minimal four-dimensional gauged supergravity is a complex gravitino,
and it is charged under a U(1) gauge field that, along with the gravitino, completes the
graviton supermultiplet.
The answer we find is that there is no Fermi surface singularity in the two-point func-
tion of the operator dual to the gravitino. This operator is the supercurrent of the dual
superconformal field theory. In order to streamline our computations, we consider only the
zero-temperature black hole geometry. Moreover, for the most part we restrict our attention
to zero frequency. A singularity in the supercurrent Green’s function, if it exists, should
manifest itself as a normal mode of the gravitino. For a similar computation in a charged
AdS5 black hole background, see [5].
In order to obtain the retarded Green’s function at non-zero frequency, one must impose
infalling boundary conditions at the horizon for the appropriate bulk fields. For ω = 0, it is
more subtle to determine the correct horizon boundary conditions. The approach we favor
is to use ingoing Eddington-Finkelstein coordinates for the black hole background. These
coordinates are non-singular at the horizon. Thus we can be confident that the appropriate
boundary conditions at the horizon are to require that the fermion field is itself non-singular
at the horizon.
The organization of the rest of this paper is as follows. In section 2 we present the bosonic
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background and summarize our conventions. In section 3 we demonstrate our method by
finding the normal mode of a massless charged Dirac field in the extremal anti-de Sitter
Reissner-Nordstrom black hole background (hereafter AdSRN). This normal mode occurs at
the same value of kF found in [1]. In section 4 we explain the gravitino calculation. We end
with a discussion in section 5.
While this paper was in progress, we received [6], which goes considerably further than
we have done in analyzing the two-point correlator of the supercurrent, and also finds no
Fermi surface singularities.
2 Bosonic background
Throughout, we will work with the following bosonic lagrangian in four dimensions:
Lb = 1
4
R− 1
4
F 2µν +
3
2L2
. (1)
Our conventions are essentially those of [7]; in particular, the metric signature is mostly
plus. The AdSRN black hole is the following solution of the classical equations of motion
following from (1):
ds2 = −U(r)2dv2 + 2dvdr +W (r)(dx21 + dx22) Aµdxµ = Φ(r)dv , (2)
where xµ = (v, r, x1, x2) and
U(r) =
√
r2
L2
− 2M
r
+
Q2
r2
W (r) =
r
L
Φ(r) = Q
(
1
r
− 1
rH
)
,
(3)
and r = rH is the most positive root of the equation
U(r)2 = 0 . (4)
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We will require that the black hole is extremal. Thus, r = rH is a double root of (4). One
can show that in the extremal limit
M =
2r3H
L2
Q =
√
3r2H
L
. (5)
We will further simplify our calculations by setting rH = L = 1. This does not cause any
essential loss of generality: L is related to the number of degrees of freedom in the dual
superconformal field theory, and its value does not affect the location of the Fermi surface.
Also, rH can be altered by rescaling the radial coordinate. In field theory terms, there is
essentially only one state under discussion, namely the superconformal field theory at zero
temperature and non-zero chemical potential. The value of the chemical potential sets a
scale against which all other dimensionful quantities, in particular the Fermi momentum,
can be measured.
3 Dirac fermion
Before discussing fermions, we must first introduce conventions for spin structure. We define
a vierbein emµ and a flat metric ηmn = diag{−1, 1, 1, 1} such that gµν = ηmnemµ enν . The
particular vierbein we use for the metric (2) is
evµdx
µ = −U(r)dv + dr
U(r)
erµdx
µ =
dv
U(r)
ex
1
µ dx
µ = W (r)dx1 ex
2
µ dx
µ = W (r)dx2 ,
(6)
where the upper indices are tangent space indices. We will hereafter favor the use of tan-
gent space indices m, n over curved space indices µ, ν. For example, when taking partial
derivatives we will use ∂m ≡ eµm∂µ instead of ∂µ. The standard spin connection ωmpq is
antisymmetric in p and q.
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We use the following basis of gamma matrices, defined with upper tangent space indices:
γt =

i 0 0 0
0 i 0 0
0 0 −i 0
0 0 0 −i
 γr =

0 0 0 −i
0 0 −i 0
0 i 0 0
i 0 0 0

γx
1
=

0 0 0 −1
0 0 1 0
0 1 0 0
−1 0 0 0
 γx2 =

0 0 −i 0
0 0 0 i
i 0 0 0
0 −i 0 0
 .
(7)
We define anti-symmetrization of indices so that [mn] = 1
2
(mn−nm) and [mnp] = 1
6
(mnp+
pmn+npm−nmp−pnm−mpn), and we follow standard the standard notation γmn = γ[mγn]
and γmnp = γ[mγnγp].
To demonstrate the usefulness of the ingoing Eddington-Finkelstein coordinate system
(2) in a simple context familiar from the literature, let us augment the bosonic action (1) by
the action for a massless, charged Dirac fermion:
LD = −ψγmDmψ (8)
where ψ = iψ†γt and
Dmψ = ∂mψ +
1
4
ωmpqγ
pqψ − iqAmψ . (9)
To solve the equations of motion γmDmψ = 0, we first make the ansatz
ψ = e−iωv+ikx
1
ψ(r) . (10)
Next we observe that the equations of motion partially decouple, leading to
ψ′1 +
(
U ′
2U
+
W ′
W
)
ψ1 =
k
UW
ψ1 +
i(ω + qΦ)
U2
(ψ1 + ψ4)
ψ′4 +
(
U ′
2U
+
W ′
W
)
ψ4 = − k
UW
ψ4 +
i(ω + qΦ)
U2
(ψ1 + ψ4) ,
(11)
and a similar pair of equations for ψ2 and ψ3, obtained from (11) through the replacements
ψ1 → ψ2, ψ4 → ψ3, and k → −k. For the sake of brevity, from here on we will consider only
solutions where ψ2 = ψ3 = 0.
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Because the Dirac field is massless, in an asymptotically AdS4 geometry all solutions to
(11) behave close to the boundary as ψα ∝ r−3/2. It is therefore delicate to define which
solutions are “normalizable,” i.e., which solutions are associated with the expectation value
of a spinorial operator in the dual field theory. The resolution (well understood in previous
literature, for example [1]) is that solutions of the classical equations of motion which are
eigenvectors of γr with eigenvalue +1 are considered to be sources for the dual spinorial
operator, while eigenvectors with eigenvalue −1 are considered to describe expectation values
of this operator. The latter solutions should be regarded as normalizable. With our choice
of gamma matrices, the normalizable solutions are the ones where limr→∞ ψ1(r)/ψ4(r) = i.
Near the horizon, where the geometry is AdS2 × R2, one may straightforwardly show
that the two solutions of (11) take the form
ψ = u±(r − 1)ν± where ν± = −1
2
− iq
2
√
3
± 1
6
√
6k2 − 3q2 , (12)
where we have set rH = L = 1. The form of the eigenspinors u± is not enlightening and
we will not write them out explicitly. The point of our analysis in Eddington-Finkelstein
coordinates is that one can immediately rule out the ν− solution on grounds that it diverges
at the future horizon: recall that the Eddington-Finkelstein coordinates are themselves non-
singular at the horizon, so a divergence in ψ is a signal of genuinely singular behavior. Thus
we must use the ν+ solution in constructing a normal mode. For any given k and q, it
is straightforward to integrate the equations (11) numerically, starting with the ν+ solution
very close to r = 1, and proceed out to a large value of r, where ψ1(r)/ψ4(r) may be evaluated
and compared to the desired value of i for a normalizable mode. In order to compare with
[1] we chose q = 1, and we found that a normal mode arises at kF = 0.918, consistent with
the Fermi momentum found in that work.
4 The gravitino
The gravitino action for minimally gauged supergravity was constructed in [8] and is given
by
Lg = −1
2
ψmγ
mnpDnψp +
1
2L
ψmγ
mnψn − i
4
ψmF
pqγpγ
mnγqψn + (4-fermi interactions) . (13)
The Lagrangian (13) together with (1) is the minimalN = 2 gauged supergravity Lagrangian
in four dimensions. In writing (13) we have closely followed the notation of [7]: in particular,
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ψmα is a complex spin-3/2 field, and α = 1, . . . , 4 are spinor indices which we have suppressed
when writing the action (13). Conventions for spinors and tangent space indices are as
established in section 3. The covariant derivative is defined through
Dmψn = ∂mψn − ω pm nψp +
1
4
ωmpqγ
pqψn − iAmψn . (14)
As before, we set L = rH = 1.
For the purpose of computing the two point function of the supercurrent it is sufficient
to consider the equations of motion to linear order in ψ,
γmnpDnψp − γmnψn + i
2
F pqγpγ
mnγqψn = 0. (15)
After using our conventions (7) for the gamma matrices, and using an ansatz
ψm = e
−iωt+ikx1ψm(r) (16)
the gravitino equations of motion take the schematic form
K
d
dr

ψt
ψx
ψy
+M′

ψt
ψx
ψy
ψr
 = 0 , M′c

ψt
ψx
ψy
 = 0 . (17)
Here K is a 12×12 matrix, M′ is a 12×16 matrix and M′c is a 4×12 matrix. We have used
a prime on the matrices M′ and M′c to distinguish them from the matrices M and Mc which
we will introduce shortly. Overall, we have sixteen equations: twelve differential equations
and four algebraic equations. The matrix K is invertible and, due to its simple form, it is
straightforward to obtain an explicit expression for its inverse.
We have not yet fixed the superdiffeomorphism invariance of (17). Indeed,
ψm = ∂m+
1
4
ωmpqγ
pq − iAm+ 1
2
γm+ i
1
4
Fmnγ
mn (18)
is a solution to the equations of motion which is gauge equivalent to ψm = 0. To partially
fix this gauge we set
γmψ
m = 0 (19)
in order to fix the four components of ψr in terms of the twelve components of ψt, ψx1
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and ψx2 . We found this gauge choice more convenient than an axial gauge ψr = 0 which
is, perhaps, more obviously in the spirit of the AdS/CFT duality. After implementing the
gauge choice (19) the equations of motion can be written in the block diagonal form:
d
dr
(
Ψ
Ψ˜
)
=
(
M 0
0 M˜
)(
Ψ
Ψ˜
) (
Mc 0
0 M˜c
)(
Ψ
Ψ˜
)
= 0 (20)
with
Ψ =
(
ψt1 ψt4 ψx1 ψx4 ψy2 ψy3
)
Ψ˜ =
(
ψt2 ψt3 ψx2 ψx3 ψy1 ψy4
)
(21)
and M and Mc are given by
UM =

M+(k)
i
2
− iW+
U
−W−
2U
iU+
4r
− iW−
2U
−2k+U+
4r
3i
2
− iW+
U
M−(k) − iU−4r W+2U U−−2k4r iW+2U
1
2
− iK−
2r
M0(4k) − iW+2U − i(2k−2(rU)
′+U−)
4r
−W+
2U
− iK+
2r
1
2
− iW−
2U
M0(−4k) −W−2U i(2k+2(rU)
′−U+)
4r
− i
2
−K−
2r
i(U−−2(rU)′)
4r
W+
2U
M0(−2k) − iW+2U
−K+
2r
− i
2
W−
2U
i(U+−2(rU)′)
4r
− iW−
2U
M0(2k)

(22)
and
Mc =
(
− iK−U
r
U iW− −U(rU)
′
2r
−W− − iU(−2k+(rU)′)2r
U − iK+U
r
−U(rU)′
2r
iW+ − iU(2k+(rU)′)2r −W+
)
(23)
with
M±(k) = ∓ k
2r
− iω
U
+
1
2
(
U
r
− 2iΦ
U
+ 3U ′ ± Φ′
)
M0(k) =
7U2 − 4ir(ω + Φ) + U(rU ′ − k)
4rU
U± = −U + 3rU ′ ± 4rΦ′ W± = ω ± U + Φ K± = k ± U − rΦ′ .
(24)
The kinematic equations of motion for Ψ˜ can be obtained from those of Ψ by making the
replacement ψt1 → ψt2, ψt4 → ψt3, ψx1 → −ψx2, ψx4 → −ψx3, ψy2 → −ψy1, ψy3 → −ψy4 and
taking k → −k. The constraint equations for Ψ˜ can be obtained from those for Ψ by making
the replacement ψt1 → −ψt3, ψt4 → ψt2, ψx1 → ψx3, ψx4 → −ψx2, ψy2 → ψy4, ψy3 → −ψy1
and taking ω → −ω and Φ→ −Φ.
We focus on the equations of motion for Ψ. The equations of motion for Ψ˜ can be treated
in an equivalent manner. Near the asymptotically AdS boundary located at r →∞ we find
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that (20) admits two linearly independent solutions,
Ψb 1 = r
− 1
2

−i
−1
i
1
0
0

+O(r−1) Ψb 2 = r− 12

−i
−1
0
0
i
1

+O(r−1) (25)
so that the most general near boundary asymptotics take the form
Ψ = S1Ψb 1 + S2Ψb 2 . (26)
In addition to (25) there are two more solutions which control the coefficients of the r−5/2
terms in a series expansion for Ψ. The coefficients S1 and S2 correspond to the source terms
for the supercurrent while the coefficients of the r−5/2 terms in a near boundary expansion
for Ψ control the expectation value of the supercurrent (see, for example, [9, 10]).
Near the horizon of the extremal black hole described in section 2, the spin-3/2 field
admits four linearly independent solutions
Ψ± a = (r − 1)ν±(1 +O(r − 1))u± a where ν± = −1
2
+
i
2
√
3
± 1
6
√
21 + 6k2 (27)
and a = 1, 2. We omit the rather long expressions for u± 1 and u± 2. We are working in a
coordinate patch which is continuous across the event horizon of the black hole. Therefore,
we do not expect physical solutions to diverge at r = 1 and so, we must discard the solutions
Ψ−. Thus, the most general solution to the equations of motion take the form:
Ψ = H1Ψ+1 +H2Ψ+2 (28)
with H1 and H2 integration constants.
Recall that we are interested in poles of the retarded supercurrent-supercurrent correlator
at finite momentum k and zero frequency. A pole of the correlator implies a possible excita-
tion of the supercurrent with no source being applied. From the point of view of the gravitino
dual such a configuration would involve a non-trivial solution for which S1 = S2 = 0. More
precisely, the integration constants S1 and S2 are linearly related to the near horizon behavior
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Figure 1: (Color online) A plot of the numerically evaluated real and imaginary parts of the
determinant of the transformation matrix T defined in (29). A Fermi surface exists when
the determinant vanishes. We have checked that |T | does not vanish up to krH/L2 = 10.
of the solution through (
S1
S2
)
= T
(
H1
H2
)
. (29)
The condition that there exist a non trivial solution for which S1 = S2 = 0 amounts to the
condition that the determinant of T vanishes:
|T | = 0 . (30)
It is straightforward to integrate (20) numerically to obtain the matrix T defined in (29). In
figure 1 we have plotted |T | as a function of k. We have checked that a Fermi surface does
not exist all the way to krH/L
2 = 10 including both the Ψ and the Ψ˜ components of ψm.
5 Discussion
The absence of a Fermi surface singularity in the two-point function of the supercurrent is
a striking contrast to the well-known result that such singularities do appear for operators
dual to Dirac fermions of appropriate charge. There are two possible views one could take
on the significance of these results:
1. On one hand, one could reason that all the results showing the existence of a Fermi
surface, with the notable exception of the probe brane calculations of [3], have been
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based on ad hoc fermionic actions. So—one might argue—there isn’t yet a compelling
reason to believe that real string theory constructions based only on bulk dynamics
(not probe branes) exhibit Fermi surface behavior. In further support of this view, one
could note that since the supercurrent is a superpartner of the stress tensor, it couples
to most of the fields in the the dual field theory; thus if there is a feature like a Fermi
surface, it should be visible in correlators of the supercurrent. Moreover, although
minimal four-dimensional gauged supergravity is not a complete theory in itself, it
can be embedded in many of the string theory constructions which admit an AdSRN
black hole. Altogether, the most aggressive claim that could be made is that absence
of gravitino normal modes in the extremal AdSRN black hole background constitutes
preliminary evidence that there is no Fermi surface in the dual field theory.
2. On the other hand, one could hypothesize, along the lines of [11], that some fraction
of the fundamental fermions in the dual field theory become bound with fundamental
bosons, and the resulting fermionic bound states exhibit a Fermi surface; but there
are some unpaired fermions left over which experience strong gauge interactions and
as a result do not exhibit a Fermi surface. On this interpretation, what one is seeing
in the two-point function of the supercurrent is the absence of a Fermi surface for the
unpaired fermions. This makes sense because there are effectively O(N3/2) species of
unpaired fermions, where N is the number of M2-branes in an underlying M-theory
construction, and a correlator computed from classical gravitino propagation captures
the leading order O(N3/2) behavior of the Green’s functions. There are only O(1)
species of paired fermions, so to see their Fermi surface effects, one would need to
investigate loop corrections to gravitino propagation. It may be supposed then that
the two-point function computed from some appropriate Dirac fermion would directly
exhibit the Fermi surface behavior of the paired fermions. In short, the most optimistic
claim that could be made is that no Fermi surface was expected for the gravitinos at
the classical level, making our results a confirmation of the overall picture of [11].
In balancing these competing interpretations, we prefer a degree of agnosticism. Clearly
there is no Fermi surface visible from classical computations in the AdSRN black hole back-
ground of minimal four-dimensional gauged supergravity. The AdSRN black hole background
presents other puzzles, including zero-point entropy and stability issues. Absent a clearer
field theoretic account that resolves the zero-point entropy issue, the best approach to decid-
ing between the two interpretations presented would be to find out whether other top-down
calculations do exhibit Fermi surface singularities, and to have control over prefactors that
10
reveal the N -dependence of the number of species participating in the singularity.
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